Abstract.
Introduction
Let X be a Banach space and let A be a closed linear operator with densely defined domain D(A) on X. Let k £ L1'0C(Tv+). In this work we consider the following Volterra equation of convolution type ( 
1.1) u(t) = f(t)+ f k(t-s)Au(s)ds, t£j:=[0,T], Jo
where / £ C(J; X). The study of diverse properties of resolvent families such as the regularity, positivity, periodicity, approximation, uniform continuity, compactness, and others are studied by several authors under different conditions on the kernel k and the operator A (see, e.g., [3, 6, [11] [12] [13] 15] and the references therein).
In [9] Kantorovitz (see also [10] ) proved that any linear (unbounded) operator A on a Banach space X such that the resolvent set contains a half line (0, oo) generates a strongly continuous semigroup of contractions on a certain subspace Z of X. This so-called Hille-Yosida space is maximal-unique in a suitable sense. Recently, the same problem has been considered in the context of a strongly continuous operator cosine family of contractions by Cioranescu [2] and extended for the case of Frechet spaces by Henriquez and Hernandez [7] .
In this work we establish the existence of a "Hille-Yosida Banach space" for resolvent families of equation (1.1). We show that there exists a linear manifold Zk c X, depending on the kernel k, and a norm | • |^ majorizing the given norm, such that (Zk , \ • \k) is a Banach space, and the "restriction of equation (1.1) to Zk" admits a resolvent family of operators. In particular, the result provides us with a subspace of initial values in X for which the Volterra equation (1.1) has a unique solution given by (1.3). We remark that our result extends those of Kantorovitz and Cioranescu. See also [4] for another closely related generalization of the results in [2, 9] .
We will require the following theorem on generation of resolvent families due to Da Prato and Ianelli [3] . We remark that Theorem 1.2 is essentially Widder's theorem and expresses that the existence of at most exponentially growing resolvent families can be characterized in terms of their Laplace transform, provided the kernel k(t) is Laplace transformable (condition (Hk)). In fact, if R(t) is a resolvent family for (1.1) such that (1.4) holds, then R(X) = (X-Xk(X)A)~x . Proof. Let {x,} c^ be a Cauchy sequence. We observe that ||x|| < \x\k if x £ X. Then {x,} is also a Cauchy sequence on X. Let x £ X be the limit of the sequence. (1) Ay is a closed linear operator on Yk .
(2) X -Xk(X)Ay is invertible on Yk for each X > 0. Corollary 2.8 [2] . Let A be a linear operator on X such that (0, oo) c p(A). Let At be the operator in Z, defined as above. Then A, is the infinitesimal generator of a strongly continuous cosine family of contractions on Zt.
We can obtain more information about the operators Ak if one assumes a certain regularity on the kernel k as follows. In order to prove this, we take n = 0 in Lemma 2.4(2) and obtain (2.2) (J--Ak) <k(X) for every X >0.
Now, because k is positive, the map X -► l/k(X) is positive and increasing. Moreover, condition (77*.) implies that \/k(X) tends to infinity as X -* oo. Therefore Problem. Find some type of order relation, -<, on the kernels k such that ki -< k2 implies Zki c Zkl. We consider equation (1.1) with singular kernel given by k(t) := 1/y/t. Then k(X) = y/n/X for X / 0 and, by application of the Laplace transform to (2.4), we obtain for X sufficiently large, 1 X~x'2 r(k > /*) = -=-= TT75-7= • X(l-pk(X)) Xx/2-pJW Next, we take the inverse Laplace transform and obtain /oo _e~s ds, p£R, t>0.
-U\/ni
It is easy to see that for every X < 0, 0 < r(t, X) < \/n/2 for all t > 0 and Ck = R-nop(A).
Then equation (1.1) has a solution defined on a subspace Zk of X, which contains the span of all eigenvectors corresponding to real, negative eigenvalues of A. Moreover, Ak is the infinitesimal generator of a strongly continuous semigroup of contractions on Zk ■
